
A
fi

H
D

a

A
R
R
A

K
S
C
P
S
N

1

i
m
s
e
t
t
h
s

c
fi
s
d
o
e
m
d
T
e
s
d

1
d

Chemical Engineering Journal 166 (2011) 105–115

Contents lists available at ScienceDirect

Chemical Engineering Journal

journa l homepage: www.e lsev ier .com/ locate /ce j

mathematical model for non-monotonic deposition profiles in deep bed
ltration systems

ao Yuan ∗, Alexander A. Shapiro
epartment of Chemical and Biochemical Engineering, Technical University of Denmark, DTU Building 229, 2800 Lyngby, Denmark

r t i c l e i n f o

rticle history:
eceived 14 July 2010
eceived in revised form 13 October 2010
ccepted 14 October 2010

a b s t r a c t

A mathematical model for suspension/colloid flow in porous media and non-monotonic deposition is
proposed. It accounts for the migration of particles associated with the pore walls via the second energy
minimum (surface associated phase). The surface associated phase migration is characterized by advec-
tion and diffusion/dispersion. The proposed model is able to produce a non-monotonic deposition profile.
eywords:
uspension
olloid
orous media
urface associated phase
on-monotonic deposition

A set of methods for estimating the modeling parameters is provided in the case of minimal particle
release. The estimation can be easily performed with available experimental information. The numerical
modeling results highly agree with the experimental observations, which proves the ability of the model
to catch a non-monotonic deposition profile in practice. An additional equation describing a mobile pop-
ulation behaving differently from the injected population seems to be a sufficient condition for producing
non-monotonic deposition profiles. The described physics by the additional equation may be different in

tting
different experimental se

. Introduction

Modeling suspension or colloid flow in porous media is of great
mportance to a large variety of applications, e.g. deep bed filtration,

embrane filtration, drilling mud filtration, bacteria and viruses
preading in underground water and others [1,2]. A considerable
ffort is going on aimed at understanding the transport and deposi-
ion of suspended particles in porous media. Especially, non-Fickian
ransport and non-exponential deposition of the particles, such as
yperexponential and non-monotonic deposition profiles attract
ignificant interest [3–8].

The conventional methodology, ADE with a single filtration
oefficient, only predicts exponentially decreasing deposition pro-
les [3]. Many of the experimental results, on the other hand,
how hyperexponential deposition profiles or even non-monotonic
eposition profiles under some specific conditions [9–13]. Most
f these experiments are carried out in the presence of an
nergy barrier, for example similarly charged colloid particles and
edian particles. The deposition of colloids is theoretically hin-

ered by the repulsion between the colloid and porous media.

he mechanisms of the deposition in such cases are likely to
ncompass enhanced retention at low-velocity zones of pore space,
taining at grain–grain contacts, surface charge heterogeneity,
eposition in the second energy minimum, and surface roughness
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[4,8,11,14–19]. Both pore structure and velocity are observed to
have impacts on the deposition profiles [18,20].

Colloids carried by the flowing fluid may be captured at single-
contacts of porous media via the second energy minimum or the
primary energy minimum [10,11,14,21]. Deposition of colloids
may also occur at grain–grain contacts (pore constrictions, stag-
nant zones) via straining [9,18,20,22–24]. The balance between the
hydrodynamic torque from the flowing fluid and the resisting adhe-
sive torque determines whether the colloids adjacent/attached to
the pore walls will be immobilized or re-entrained into the carrying
fluid [8,19,25–29].

Under unfavorable attachment conditions where the DLVO cal-
culations can preclude most of single-contact deposition via the
primary energy minimum, the captured particles via the second
energy minimum are subject to the hydrodynamic drag and down-
gradient translation [8,10,16,19,30–32]. Close to the grain–grain
contacts some of the surface-associated particles may be immo-
bilized in the stagnant zones. Others are entrained by the flowing
fluid and may either rejoin the bulk phase or jump to the next grain
[16,18,20,23,24,29,33].

The commonly reported hyperexponential deposition has been
attributed to the heterogeneity of the surface charge and energy
minima [11,12,34,35] or to the enhanced retention at low-velocity

zones of pore space [17,22,23]. Based on the described mechanisms,
the authors developed various models which produce hyperexpo-
nential deposition. In Refs. [11,12,35,36], distribution of filtration
coefficients was applied to reflect the heterogeneity of particle
population and particle-pore interactions. In Refs. [17,37], dual-
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Nomenclature

c number of suspended particles per unit pore volume
(m−3)

C dimensionless suspended particle concentration
s number of retained particles per unit pore volume

(m−3)
s dimensionless retained particle concentration
sm number of particles in the surface associated phase

per unit pore volume (m−3)
Sm dimensionless particle concentration in the surface

associated phase
t time (s)
T dimensionless time (pore volume)
t0 particle injection duration (s)
T0 dimensionless particle injection duration (pore vol-

ume)
x x coordinate in space
X dimensionless x
v advection velocity of particles in the bulk aqueous

phase
vm advection velocity of particles in the surface associ-

ated phase
u dimensionless advection velocity of particles in the

bulk aqueous phase
um dimensionless advection velocity of particles in the

surface associated phase
D coefficient of dispersion (m2/s) in the bulk aqueous

phase
Dm coefficient of diffusion (m2/s) in the surface associ-

ated phase
R dimensionless longitudinal dispersivity in the bulk

aqueous phase
Rm dimensionless longitudinal diffusivity in the surface

associated phase
c0 influent concentration
fm ratio of vm to v
dmax maximum diameter of a pore
dmedia diameter of the median particle
dcolloid diameter of the colloid particle
dc constriction diameter
dz pore diameter in position z
h pore length
vcolloid fluid velocity at the center of the particle associated

with the pore wall
Deffective effective diameter of pores
Npore number of pores in a cross-section of the column
�s coefficient of particle transport from the bulk aque-

ous phase to the surface associated phase (s−1)
�s dimensionless form of �s

�d coefficient of particle transport from the bulk (flow-
ing) phase to the immobilized phase (s−1)

�d dimensionless form of �d
�m coefficient of particle transport from the surface

associated phase to the deposition phase (s−1)
�m dimensionless form of �m

�mr coefficient of particle transport from the surface
associated phase to the bulk phase (s−1)

�mr dimensionless form of �mr

�r coefficient of particle transport from the immobi-
lized phase to the bulk phase (s−1)

�r dimensionless form of �r

�ar coefficient of particle transport from the deposited
aggregates to the flowing aggregates (s−1)

�ar dimensionless form of �ar

�ad coefficient of particle transport from the flowing
aggregates to deposition (s−1)

�ad dimensionless form of �ad
ϕ porosity of the column/porous medium

Cs average dimensionless effluent concentration at the

steady stage

permeability models were developed to take into account the
high-velocity zones and low-velocity zones of pore space.

On the other hand, the observed non-monotonic deposition has
been attributed to the lagged release of aggregates at straining
sites [18], or to the migration of surface associated colloids via the
second energy minimum [16]. In the same respective works the
authors developed conceptual models based on the mechanisms.
Both models considered a third phase flowing in porous media. In
Ref. [18], Bradford, Simunek, and Walker described the released
aggregates transporting and depositing at different rates from the
monodisperse colloids. This model will further be referred to as the
BSW model. In Ref. [16] the authors proposed that migration of the
surface associated phase should accompany the bulk flow.

The model parameters in Ref. [18] were estimated by fitting the
model to experiments. This model was shown to be able to simulate
non-monotonic deposition profiles. On the contrary, the model in
Ref. [16] was proposed only on the conceptual level. Transport and
interactions of the migratory surface phase and the bulk aqueous
phase were not assigned with detailed physical and mathemati-
cal descriptions. Whether the model considering the surface flow
can be used to simulate deep bed filtration processes remained
unknown.

The purpose of this paper is to establish a model for deep
bed filtration considering the migration of the surface associated
phase [16]. We end up with the model that is simpler and con-
tains less adjustment parameters than the BSW model, but still
can simulate pretty precisely non-monotonic deposition profiles.
The effects of the different migration properties (migration veloc-
ity, deposition rates, etc.) are studied. The modeling results are also
compared to the experiments where non-monotonic deposition
profiles are observed. The proposed model is compared to the BSW
model to investigate the mathematical condition for deposition
non-monotonicity.

2. Model establishment

2.1. Basic assumptions

Under unfavorable attachment conditions, the DLVO calcu-
lations may preclude most of single-contact deposition via the
primary energy minimum. The torque balance calculations may
indicate that the captured particles via the second energy min-
imum are subject to the hydrodynamic drag and down-gradient
translation [8,10,16,19,30–32]. Under such specific conditions, we
may follow Li et al. [16] to assume that the particles captured by
porous media can be classified into two phases, the migratory sur-
face associated phase (weak association via second energy minima
at single-contacts) and the immobilized phase (retention via strain-
ing at grain–grain contacts), as seen in Fig. 1.

It is assumed that the transport of the monodisperse par-
ticles in the bulk aqueous phase can be characterized by an

advection–dispersion equation with a single sink term and a source
term. The sink term represents the transport of particles from the
bulk phase to the migratory SA phase and to the immobilized phase
while the source term represents the mass transfer from the SA
phase and the immobilized phase to the bulk phase.
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ig. 1. Illustration of the surface associated phase and the bulk aqueous phase at
ore scale.

It is assumed that the migration of the SA phase can be described
y the common advection–diffusion formalism. The column inlet

s usually connected to an open source of colloids without porous
edia, hence the zero SA phase is set as the inlet boundary condi-

ion. The SA phase may migrate from one grain to another in the
ollowing sense: Some of the colloids close to grain–grain contacts
re entrained by the flowing fluid and may either rejoin the bulk
hase or jump to the next grain. Others may be immobilized in the
tagnant zone around grain–grain contacts.

A convective diffusion mechanism of the SA phase may be
ssumed. A dispersion length is usually interpreted as a character-
stic scale of heterogeneity of the porous medium. The dispersion
engths in the bulk phase and the SA phase may, generally speak-
ng, be different, since the surface may be more tortuous than the
ore space. However, the orders of magnitude of these parame-
ers in the not-so-highly heterogeneous porous media may be the
ame. For simplicity of the model and minimization of the number
f adjustment parameters, we assume the two dispersion lengths
o be equal. This assumption will be validated by comparison with
xperimental data.

The case of a dilute suspension is considered. The volume of
he SA phase and that of the retained particles are assumed to be

inimal compared to the bulk aqueous phase, so that their exis-
ence does not affect the pore structure significantly. The porosity
s assumed to be constant during the entire filtration process. The
article concentration in the SA phase, on the other hand, may be
omparable to that in the bulk aqueous phase.

One-dimensional flow is considered, since it is common to most
f the experiments and for many applications. The theory is readily
eneralized onto multiple dimensions.

.2. System of equations

The system of equations following from the above assumptions
as the form of:

∂c

∂t
+ v

∂c

∂x
= D

∂2c

∂x2
+ (�rs + �mrsm) − (�s + �d)c, (1)

∂sm

∂t
+ vm

∂sm

∂x
= Dm

∂2sm

∂x2
+ �sc − (�m + �mr)sm, (2)

∂s

∂t
= �msm + �dc − �rs. (3)
Here c is the number of particles in the bulk aqueous phase per
nit pore volume, v is the velocity of the particles in the bulk aque-
us phase, and D is the dispersion coefficient in the bulk aqueous
hase. Subscript ‘m’ represents the ‘migratory surface associated
hase’ and sm is the number of particles in the SA phase per unit
ring Journal 166 (2011) 105–115 107

pore volume. Correspondingly, vm is the advection velocity of the
particles in the SA phase and Dm is the diffusion coefficient in the SA
phase. Finally, s is the concentration of the immobilized particles.
�sc in Eqs. (1) and (2) represents the particle transport from the
bulk aqueous phase to the SA phase, �dc in Eq. (1) is the transport
directly from the bulk aqueous phase to the immobilized deposi-
tion, and �mc in Eq. (2) represents the conversion from SA phase into
the immobilized deposition. �rs represents the release of immobi-
lized particles while �mrsm represents the release of SA phase back
to the bulk phase. In order to connect the motion of the particles
in the SA phase to that in the bulk aqueous phase, the following
relation is adopted:

vm = fmv, (4)

where fm is the ratio of the particle velocity in the SA phase to that
in the bulk aqueous phase. The estimation of the fraction will be
discussed in detail later. Convective dispersion/diffusion both in
the bulk aqueous phase and the surface associated phase is also
assumed:

D = ˛v; Dm = fmD, (5)

where ˛ is the longitudinal dispersivity/diffusivity possessing the
dimension of length, the same both in the bulk aqueous phase and
in the SA phase.

Unlike most common formulations, system (1)–(3) does not
involve porosity of the medium, and the deposition and release
rates are not proportional to velocity. This is a possible formulation
for the case of constant porosity (dilute suspension), if we assume
that v and vm are constant and interstitial, but not superficial, flow
velocities and give corresponding re-definitions of the filtration
coefficients �s, �d, �m, �r, �mr. These re-definitions should be taken
into account when actual values of the coefficients are computed.

Similar to [36,38], the system of Eqs. (1)–(3) can be reformulated
in terms of dimensionless variables:

∂C

∂T
+ u

∂C

∂X
= uR

∂2C

∂X2
+ (�rS + �mrSm) − (�s + �d)C, (6)

∂Sm

∂T
+ um

∂Sm

∂X
= umRm

∂2Sm

∂X2
+ �sC − (�m + �mr)Sm, (7)

∂S

∂T
= �mSm + �dC − �rS. (8)

Here x = LX, t = (L/v0)T, c = Cc0, sm = Smc0, vm = umv0, Rm = Dm/v0L,
�m = �mL/v0, s = Sc0, v = uv0, R = D/v0L, �s = �sL/v0, �d = �dL/v0,
�mr = �mrL/v0, and �r = �rL/v0.where R is the dimensionless lon-
gitudinal dispersivity in the bulk aqueous phase and Rm is the
dimensionless longitudinal diffusivity in the SA phase. The value
of L is the reference length (m), v0 is the reference velocity (m/s),
and c0 is the reference concentration. The inverse Peclet number R
describes the magnitude of the spatial dispersion compared to the
product of the reference velocity and the reference length, while
Rm is a similar value for the surface phase. Provided that v0 is the
particle velocity in the bulk phase (v = v0) and that the longitudinal
dispersivities/diffusivities in the bulk phase and in the SA phase are
equal, the dimensionless parameters can be expressed as:

u = 1, um = fm, Rm = R. (9)

Eqs. (6)–(8) represent mass balances of the particles in the bulk,
surface, and immobile phase, correspondingly. With given veloci-
ties and dispersion/diffusion coefficients, the three equations form
a closed system for the entire mass balance among the bulk aqueous

phase, the SA phase and the immobilized deposition phase.

A simpler formulation has also been tested: a system where
deposition from the bulk to the immobile phase is prohibited,
�d = 0. Sample calculations (not shown here) indicated that with
such a formulation the deposition at the inlet is zero because the
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A phase concentration is assumed to be zero at the inlet. Indeed,
ll the particles deposited at the inlet belong to the SA phase and
mmediately start moving forward along the sample. This is in
ontradiction with the observed deposition profiles [4,16,18] with
on-zero deposition near the entrance. Therefore, deposition from
he bulk directly to the immobile phase should be introduced to
void discrepancy with the observed experimental data.

Summing Eqs. (6)–(8) together leads to the mass conservation
aw:

∂(C + S + Sm)
∂T

+ u
∂(C − R(∂C/∂X) + fmSm − fmRm(∂Sm/∂X))

∂X
= 0.

(10)

Eq. (10) indicates that the boundary conditions at the inlet X = 0
hould take into account both the advection flux and the disper-
ion/diffusion flux of the particles.

.3. Boundary conditions

Clean bed filtration is assumed as the initial condition for
he convenience of comparing modeling results with the column
xperiments in most labs. The initial conditions can be formulated
s:

(X, T = 0) = 0; Sm(X, T = 0) = 0; S(X, T = 0) = 0. (11)

Since Eqs. (6) and (7) are both parabolic, it is commonly accepted
o apply Neumann boundary conditions at the outlet and two Robin
oundary conditions at the inlet for the mobile phases [39]:

− R
∂C

∂X
=

{
1 (X = 0, T < T0)
0 (X = 0, T ≥ T0)

, (12)

∂C

∂X

∣∣∣∣
X=L

= 0, (13)

m − Rm
∂Sm

∂X
= 0 (X = 0, T), (14)

∂Sm

∂X

∣∣∣∣
X=L

= 0. (15)

Boundary condition (12) represents the common injection pro-
edure: before T0, inject particles, and after T0, inject pure water.
he ad hoc boundary condition (14) is based on the assumption
hat inlet of the porous medium is usually connected with a source
omain without porous media. Thus, no surface associated phase

s formed directly at the inlet. Formation of the surface phase does
ot begin until at the inlet, and any such phase moves further by
he surface flux. Of course, in case of an immobile surface phase
lone, Eq. (14) is violated. Neumann boundary conditions (13) and
15) represent the no-flux setting at the outlet of an experimental
olumn.

Addition of Eqs. (12)–(14) and addition of Eqs. (13)–(15) lead to
he total boundary conditions for both mobile phases indicated by
q. (10):

− R
∂C

∂X
+ Sm − Rm

∂Sm

∂X
=

{
1 (X = 0, T < T0)
0 (X = 0, T ≥ T0)

, (16)

∂C

∂X
+ ∂Sm

∂X

∣∣∣∣
X=L

= 0. (17)
.4. Implementation

It is assumed that the velocities, dispersivity and diffusivity, as
ell as the coefficients of particle transport to different phases are
ring Journal 166 (2011) 105–115

all constant and known. The closed system of Eqs. (6)–(8), with
boundary conditions (11)–(14), can easily be solved by a finite dif-
ference technique. The calculation is implemented in MATLAB with
the intrinsic function ‘pdepe’ for solving partial differential equa-
tions and ‘ode15s’ for solving ordinary differential equations. The
numerical solution with �s = 0 (no SA phase) is also compared with
the analytical solution in Ref. [39]. The error of the numerical solu-
tion can be reduced to 0.01% with a properly selected mesh. An
approximate analytical solution for the model can also be found in
Ref. [39]. A good agreement between the analytical solution and
numerical solution is observed (not shown here). This validates the
selected numerical method.

In order to reveal the modeling results in the same way as those
from the laboratory experiments, the total effluent concentration
and the total deposition need to be calculated. The bulk aqueous
phase and the SA phase move at two different velocities in parallel.
Since the experimentally monitored effluent concentration counts
both the number of particles in the bulk aqueous phase and that in
the SA phase per unit time, the total effluent concentration can be
calculated by:

Ceffluent(T) = uC(1, T) + umSm(1, T)
u

= C(1, T) + fmSm(1, T). (18)

At the end of a column experiment (T = Tmax), the flow in the core
is zero and the SA phase remains immobile. The final deposition is
then the sum of remaining SA phase and the immobilized phase:

Sfinal(X) = S(X, Tmax) + Sm(X, Tmax). (19)

The model parameters may be estimated by fitting the model-
ing results to the experimental data. The MATLAB intrinsic function
‘lsqnonlin’ for non-linear least square problems is applied for curve
fitting. Confidence intervals (CI) and correlation matrices of the
model parameters are calculated. Details of the procedure can
found in Refs. [40,41].

2.5. Magnitude of the SA phase migration

Ratio fm of the velocities in the surface phases and in the bulk
is a crucial parameter to describe the migration of the SA phase.
Although a priori estimation of the exact value of fm is problematic,
its magnitude may be found on the basis of simple considerations.
In Appendix, we show this evaluation, as previously discussed in
[26,42].

These considerations are approximate. They are based on the
assumption that the average velocity of SA phase is of the same
magnitude as the fluid velocity close to the solid surface. Pore scale
simulations show however that the fluid velocity close to the solid
surface may vary by several orders of magnitude even in homoge-
neous porous media [26,43–46]. Roughness may also contribute to
the value of fm.

3. Results of modeling

This section aims at studying the basic properties of the pro-
posed model and the effects resulting from changing the properties
of the SA phase migration, such as the advection velocity, the dif-
fusivity and the deposition rate of the SA phase.

3.1. Numerical solutions
Numerical solutions are first obtained with all the parameters
assumed to be constant and known. Particles are injected in the
first five pore volumes, and then water alone is injected to wash
away the remaining mobile particles until fifteen pore volumes
are injected. For the calculations we use: R = 6.67 × 10−3; u = 1.0;
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Fig. 4. (a) Surface associated phase, (b) immobilized phase, and (c) total deposition.
X

ig. 2. (a) Concentrations at the outlet and (b) final deposition and immobilized
hase at the end of flooding.
s = 0.03; �d = 0.012; fm = 0.01; �m = 0.15; �mr = 0.15 × 10−3;
r = 0. The calculated profiles are shown in Figs. 2–4.
As seen in Fig. 2(a), the particle concentration in the SA phase

t the outlet is comparable to that in the bulk aqueous phase.
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ig. 3. Displacement profiles: (a) bulk aqueous phase, (b) surface associated phase.
However, the major contribution to the monitored effluent con-
centration is from the bulk aqueous phase alone. It is explained by
the far slower motion of the SA phase than that of the bulk aque-
ous phase. Fig. 2(b) reveals the non-monotonic spatial distribution
of the immobilized particles and that of the final deposition. The
difference between them indicates that the immobilization of the
SA phase due to ceased flooding contributes to the final deposition.
It proves that the mechanism of migratory surface phase alone can
give rise to a non-monotonic deposition profile.

Fig. 3(a) and (b) shows the displacement fronts of the bulk phase
and the SA phase, respectively at different time moments before
breakthrough. It can be seen that the front of the SA phase lags
behind that of the bulk phase. The distribution of the SA phase is
strongly non-monotonic and possesses a peak moving towards the
outlet. Fig. 4 shows the evolution of immobilized particles with
the SA phase and the resulting total deposition. Before the end of
injection (T < 5) the SA phase accumulates and is non-monotonic
along X, while the peak of the SA phase is flushed to the outlet
during water flooding (T > 5). The resulting immobilized phase is
distributed non-monotonically over the entire process, and its peak
moves towards the outlet. It can be inferred from the results that the
final deposition is still non-monotonic in the case of no immobilized
phase, because the SA phase itself is non-monotonically distributed
along X.
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.2. Migration of surface associated phase

Calculations are then carried out with different values of fm. The
est of the parameters are set to the same as in Section 3.1. As seen
n Fig. 5(b), the larger fm leads to maximum final deposition closer to
he inlet. The faster the SA phase migrates the closer the maximum
f deposition is to the outlet. On the other hand, since the effluent
A phase contributes little to the total effluent concentration, the
reakthrough curve is not much influenced by this factor.

The modeling results may also enlighten some aspects in
he experimental design for observing non-monotonic deposition.
ince larger values of fm help non-monotonicity of deposition,
arger colloids and smaller median particles are preferable for such
xperiments. Other aspects, such as the optimal solution chemistry
nd particle materials, are beyond the scope this work.

.3. Dispersivity

Calculations are carried out with varying dispersivity R. The cho-
en value for fm is 0.01, and the rest of the parameters are the same
s in Section 3.1. It is shown in Fig. 6(b) that larger values of R also
ead to the peak of final deposition closer to the outlet. This behav-
or, however, is also connected with transport of the bulk aqueous
hase, as seen in Fig. 6(a). As expected, larger values of dispersivity
esult in a larger wash-out of the breakthrough curve.
.4. Generation of SA phase

Calculations are carried out with various SA phase generation
ate coefficients �s. The rest of the parameters are the same as in
0 0.2 0.4 0.6 0.8 1
X

Fig. 6. Comparison of different values of R.

Section 3.1. Since at the end of flooding the remaining SA phase in
the system also stops flowing, it contributes to the final deposition.
The expected effect is confirmed in Fig. 7(b). It also shows that the
large value of �s leads to maximum deposition slightly closer to
the outlet. This can be explained by the fact that the faster SA phase
generation gives rise to more SA phase available for migration per
unit time. Compared to the classical filtration theory, �s is a part
of the total filtration coefficient. Hence, the larger value to �s leads
to the lower effluent concentration at the steady stage, as seen in
Fig. 7(a).

3.5. Immobilization of SA phase

Calculations are carried out with various SA phase immobiliza-
tion rate coefficients �m. The rest of the parameters are the same as
in Section 3.1. Fig. 8(b) shows that the faster deposition of SA phase
leads to maximum deposition closer to the inlet. The result corre-
sponds to that in Fig. 7(b). In a similar sense, the faster deposition
of the SA phase gives rise to less SA phase available for migration
in a unit time. In other words, a particle in the SA phase may not
have enough time to migrate farther before it is deposited. Again
the factor has little influence on the breakthrough curve, as seen in
Fig. 8(a).

4. Comparisons with experiments
In this section, the modeling results are compared to the exper-
imental observations. Model parameters are estimated either by
fitting the model to experimental data or by a proposed estima-
tion method. The purpose is to find a fast method for estimating
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Fig. 7. Comparison of different values of �s .

he parameters of the model, and to match the modeling and the
xperimental results, by applying the knowledge obtained from the
umerical modeling above.

Li and Johnson [4] adopted the fluorescent carboxylate-modified
olystyrene latex microspheres (diameter 1.1 �m) as colloid par-
icles and packed quartz sand (diameter 417–600 �m) as porous

edia for the column experiments. Non-monotonic deposition
rofiles were observed in the experiments.

First, the parameters are estimated by fitting the model to the
reakthrough curves and the deposition profiles from Ref. [4]. The
arameter estimators and their confidence intervals are listed in
able 1. Small dispersion length is assumed: R = 10−4. The resulting
orrelation matrix (not shown here) indicates that there is no strong
orrelation among the model parameters. The modeling results and
xperimental data are compared in Fig. 9.

Parameters may also be estimated by the following analysis. fm
e estimated by Eq. (A8) in Appendix, with the available informa-

ion about the colloids and the porous medium. The next parameter
o be estimated is the longitudinal dispersivity/diffusivity. The
arameter is relatively low in a homogeneous porous medium, and
an be easily fitted to the breakthrough curve.

able 1
arameter estimators and their confidence intervals (CI) from the proposed model fitting

Experiments �d �r fm

IS = 3 mM
Estimator 6.17 × 10−3 3.74 × 10−4 0.009993
CI 2.28 × 10−5 1.77 × 10−6 2.33 × 10−

IS = 6 mM
Estimator 3.51 × 10−2 2.71 × 10−4 0.009999
CI 1.88 × 10−4 1.62 × 10−6 1.16 × 10−
0 0.2 0.4 0.6 0.8 1
X

Fig. 8. Comparison of different values of �m .

The estimations of �d and �s are relatively nontrivial. In the case
of minimal particle release it is assumed that �r ≈ 0 and �mr ≈ 0.
The average effluent concentration at the steady state is approxi-
mately dependent on �d + �s alone, since other parameters have
little influence on it (see Figs. 5(a), 6(a) and 8(a)). The sum of the
two coefficients can approximately be estimated by the logarithm
of the average effluent concentration at the steady stage:

�d + �s = − ln(Cs) (20)

where Cs is the average effluent concentration at the steady stage
from the experiment. Since the direct deposition from the bulk
aqueous phase alone forms the deposited concentration at the inlet,
the value of �d can be estimated by fitting the deposition at the
inlet. At last, �s is obtained from the estimated value of �d.

The particle velocity is approximated by the average pore water
velocity (superficial velocity divided by porosity). The only remain-
coefficient �m. It is tuned at last to match the observed position
of the deposition maximum.

All the parameters for the calculations are estimated by the
above method and shown in Table 2. It can be seen that the esti-

to experiments in Ref. [4].

�s �m �mr

1.13 × 10−1 1.32 × 10−1 2.49 × 10−2

5 1.01 × 10−4 4.58 × 10−4 6.24 × 10−5

4.05 × 10−1 1.35 × 10−1 2.71 × 10−3

4 2.91 × 10−4 2.18 × 10−3 2.61 × 10−3
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ig. 9. Results of the proposed model with the parameters estimated by fitting the
odel to the experiments in Ref. [4].

ators by fitting the experiments and those by the analysis are
lose to each other. The modeling results based on the parame-
ers estimated by the above analysis and the experimental data are
ompared and shown in Fig. 10. In the case of IS = 6 mM the slight
verestimation of the deposition can be attributed to neglecting
he release of the SA phase and immobilized phase. Both the mod-
led non-monotonic deposition profile and the breakthrough curve
gree with the experimental data. It confirms the ability of the pro-
osed model to simulate a non-monotonic deposition profile in
ractice and the feasibility of the method for parameter estimation

n the case of minimal particle release.

. Comparison with BSW model

In this section, the proposed model is compared to BSW model
rom Ref. [18] which can also produce non-monotonic deposi-
ion. The purpose is to understand the underlying mechanisms

nd essence of deposition non-monotonicity by investigating the
imilarities and differences between the two models.

In Ref. [18], the authors (Bradford, Simunek, and Walker) take
nto account the release of bacteria aggregates at straining sites.
he released aggregates and suspended monodisperse particles are

able 2
arameters of the proposed model estimated by the proposed method.

Experiments fm �s �d �m �r �mr

IS = 3 mM 0.01 0.108 0.0027 0.135 0 0
IS = 6 mM 0.01 0.405 0.0351 0.135 0 0
X

Fig. 10. Results of the proposed model with the parameters estimated by the pro-
posed method and the experimental results in Ref. [4].

both dispersed in the pore space. The released aggregates are trans-
ported and recaptured at different rates from the monodisperse
particles. The model in Ref. [18] can be described by the following
equations:

∂C

∂T
+ u

∂C

∂X
= uR

∂2C

∂X2
− �dC (21)

∂Ca

∂T
+ fau

∂Ca

∂X
= fauR

∂2Ca

∂X2
− �adCa + FrS + �arSa (22)

∂Sa

∂T
= �adCa − �arSa (23)

∂S

∂T
= �dC − FrS (24)

Fr =
{

�r S ≥ Sc

0 S < Sc
(25)

where the subscripts ‘a’ represent the aggregates, Sc is the critical
deposition concentration above which the aggregates start to be
released. �dC represents the deposition of the suspended monodis-
perse population at straining sites, �adCa is the deposition rate of
the released aggregates and �arSa represents the re-release of the
deposited aggregates. fa reflects the different transport behavior of
the aggregates compared to the injected monodisperse particles.
Similar boundary conditions as Eqs. (12)–(15) are applied for Eqs.

(21) and (22), since there is no aggregate assumed to form before
the inlet.

Sample calculations (not shown here) indicate that the transport
of aggregates is qualitatively similar to that of the SA phase in our
model. The aggregates are generated inside the column domain and
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Table 3
Parameter estimators and their confidence intervals (CI) from the model in Ref. [18] fitting to experiments in Ref. [4].

Experiments �d �r �ad Sc �ar fa

IS = 3 mM
Estimator 1.19 × 10−1 3.06 × 10−1 1.34 × 101 1.00 × 10−2 4.00 × 10−2 9.90 × 10−1

−5 −2 81 × 1 −1 −3 −2 −2

35
09 × 1

a
m
i
c
p
t
c

p
r
m
i
s
a
M
f
m

m

F
m

CI 8.63 × 10 1.30 × 10 5.
IS = 6 mM

Estimator 3.99 × 10−1 6.95 × 10−2 5.
CI 1.69 × 10−4 1.64 × 10−4 1.

re transported to the outlet. Unlike the SA phase, the aggregates
ay contribute much to the breakthrough curve because the veloc-

ty of aggregates is comparable to that of the injected monodisperse
olloids. The resulting total breakthrough curve may contain two
eaks for the monodisperse colloids and the aggregates, respec-
ively. Due to the far slower motion of SA phase, it only has little
ontribution to the total breakthrough curve.

It can be seen that the two models both consider a third mobile
opulation: surface associated phase via second energy minima and
eleased aggregates, correspondingly. Both additional populations
ay be transported and immobilized at different rates from the

njected population. Neither of them is injected from the inlet. The
ource of the SA phase is the injected population in the bulk phase,
nd the source of the aggregates is the accumulated deposition.
athematically, the two models both involve additional equations
or the transport and deposition of the third mobile population. The
odel structures of them are mathematically similar.
The model in Ref. [18] is also applied to reproduce the experi-

ental results in Ref. [4], as seen in Fig. 11. The modeling results
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ig. 11. Results of BSW model [18] with the parameters estimated by fitting the
odel to the experiments in Ref. [4].
0 2.59 × 10 1.19 × 10 6.59 × 10

1.00 × 10−2 1.11 × 10−10 9.90 × 10−1

0−1 5.84 × 10−4 3.57 × 10−12 1.96 × 10−2

highly agree with the experimental data. The estimated parame-
ters and their confidence intervals are listed in Table 3. A small
dispersion length is also assumed: R = 10−4. The resulting corre-
lation matrix (not shown here) indicates that there is no strong
correlation among the model parameters.

It should be commented that no observation of aggregates has
been reported in Ref. [4]. The physics described by the model in
Ref. [18] seems to be different from that in these experiments.
Nevertheless, the model is still able to reproduce the experimental
results. This infers that an additional equation describing a mobile
population behaving differently from the injected population
seems to be a sufficient condition for producing non-monotonic
deposition. The additional equation may reflect different physics
in different experimental settings. Selection of a physically correct
model requires analysis of the particle behavior on the microscopic
scale. Such analysis is not always available and possible. In the last
case, in order to match the non-monotonic deposition, the simplest
possible model involving the second mobile phase should probably
be selected.

6. Conclusions

The proposed model for the suspension/colloid flow in porous
media, considering the migration of the surface associated phase,
is able to produce non-monotonic deposition profiles. A set of
methods for estimating the modeling parameters is provided. The
estimation can be easily performed with available experimen-
tal information. The results of numerical modeling highly agree
with the experimental observations. It confirms the ability of the
proposed model to catch a non-monotonic deposition profile in
practice and the feasibility of the method for parameter estimation
in the case of minimal particle release.

The resulting non-monotonic deposition profiles in Ref. [4] are
likely to be caused by the migration of the surface associated phase.
An additional equation describing a mobile population behaving
differently from the injected population seems to be a sufficient
condition for producing non-monotonic deposition profiles.
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Appendix A. Appendix

A.1. Magnitude of SA phase migration

The appendix presents a rough estimation method for the mag-
nitude of fm. Since packed beds of granular media are commonly

adopted in filtration experiments, they are also selected for the
study here. The type of media can be represented by various geo-
metrical models [42,47–50]. The constricted tube model [26,42] is
applied in this work. The grains of the porous medium and the col-
loid particles are assumed to be spherical. It may also be assumed
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hat the velocity of a particle adjacent to the pore wall via the sec-
nd energy minimum may be approximated by the fluid velocity at
ts center. In Ref. [26] the diameter of the pore in a different position
can be expressed as:

z = 2

{
dmax

2
+

[
4
(

dc

2
− dmax

2

)(
0.5 − z

h

)2
]}

, (A1)

here dmax is the maximum diameter of the pore, dc is the con-
triction diameter, and h is the pore length. In Ref. [42] dc and the
ffective pore diameter deffective are calculated by:

c = dmedia

2.5658
, (A2)

effective = dc

0.47
, (A3)

here dmedia is the diameter of the bed median particle, and in Ref.
47] dmax is calculated by:

max = 2.141dc. (A4)

In Ref. [26] the fluid velocity is then calculated by:[ ]

colloid = 2

Q/Npore

(�/4))d2
z

1 − dz − dcolloid

dz
(A5)

here dcolloid is the diameter of the colloid particle, Q is the volu-
etric flow rate, dz is the pore diameter in the position z, and Npore

ig. 12. (a) fm at different pore positions, (b) average fm for different diameters of
olloids and those of median particles.

[

[

[

[

[
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is the number of pores in a cross-section of the column, which can
be expressed as:

Npore = Aϕ

(�/4)d2
effective

(A6)

where A is the cross-section area of the column, ϕ is the porosity
of the column. The fraction fm can be approximated by the velocity
across the center of the associated particle divided by the average
pore velocity:

fm = vcolloid

Q /A�
=

2d2
effective

dcolloid

d3
z

(A7)

With given media particle size and the suspended or colloid par-
ticle size, the fraction fm is a function of z/h. Sample calculations
are performed for the experimental setting in [4], plots of fm to z/h
are shown in Fig. 12(a). It is seen that the fraction approaches its
maximum at the inlet and the outlet of the pore. The average of the
fraction fm can be calculated by:

fm ≈ fm =

∫ 1

0

fmd(z/h)

∫ 1

0

d(z/h)

=
∫ 1

0

fmd(z/h)

fm = dcolloid

dmedia

∫ 1

0

1.3748

8[0.4172 − 0.8892(0.5 − (z/h))2]
3

d(z/h)

fm = 5.7396
dcolloid

dmedia

(A8)

The plot of average fm versus typical suspended/colloid particle
sizes and typical median particle sizes is shown in Fig. 12(b). It is
seen that the typical value of fm varies approximately from 1 × 10−2

to 5 × 10−2.
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